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Abstract. A procedure is given to obtain the quantum state of a free-electron laser with 
an axial-guide field from a coherent state. It is shown that the coherent state corresponds 
to the classical trajectories. me small-signal gain is obtained and the effects of the guide 
field on the gain are bounded in order to keep the~orbital and electrostatic stabilities. 

.~ 

1. ~Introductioo 

The~possible use of relativistic charged particle in devices with a spatial periodic 
electric or magnetic field for the generation of microwaves was first expressed by 
Ginzburg [l]. This idea was then developed by Motz [2]  and Landeker [3] and the 
stimulated Bremsstrahlung by a relativistic electron beam in a wiggler field is now 
called free-electron lasing. 

The free-electron laser (fm) is capable of producing radiation from the ultraviolet 
to the microwave region of the electromagnetic spectrum and the coherent state for a 
wiggler-pumped FEL has been discussed in previous literature [4, SI. Especially, in [4], 
it was shown that the coherent state corresponds to the classical trajectories. However, 
an axial-guide magnetic field is usually present in a FEL for beam confinement and 
gain enhancement. In this case,  the treatment must be three-dimensional. A large 
number of works has been done on a wiggler-pumped FEL with anaxial field in classical 
theories [6-111. Also, in quantvm theories, the equilibrium solution of the Dirac 
equation was ‘given [I21 and the photon statistics and squeezing properties were 
discussed in the weak coupling limit [ 131 for this configuration. In this paper, extending 
the method proposed in [4], we give a procedure to obtain the quantum state of a f E L  
with a guide-field from its classical trajectories. First, we divide the fEL system into 
two parts govemed by the Hamiltonians H, and,Hb, respectively. The coherent state 
ll#(o} of the part Hb corresponds to the classical trajectories of the FEL. Then the 
small-signal gain of the FEL system is obtained in the classical limit. It is shown that 
the guide-field effects are confined for both group - I  and -II orbits [14,15]. Finally, 
the quantum state I@(,,) of the FEL system is obtained througka transformation from 
the coherent state 1/i/qt,). 

The following analysis is developed in the Bambini-Renieri reference frame which 
is obtained through a Lorentz transforgation from Laboratory frame. In the Bambini- 
Renieri frame, the wiggler and laser fields oscillate with the same frequency and the 
electron beam is non-relativistic. 
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2. The coherent state 

The Bambini-Renieri Hamiltonian for a wiggler-pumped FEL with an axial-guide 
magnetic field has the form [13] 

Ei= mc2+4fio,+ fio +&+ fio=f+f- 

of the part Hs and the FEL gain 

-2 

2m 
+ fio(a:a,+ a:a,) + f ie[a:a,  eZib + + e -2ilu ] 

where f i  is Planck constant, c is the speed of light in vacuum, e(>O) is the electron 
charge, m is the electron mass, r =  (x, y, z) is the electron position, p is the electron 
momentum, Vis the interaction volume, Bo is the amplitude of the axial-guide magnetic 
field, U. = eBo/m is the cyclotron frequency, k,(kJ is the wavenumber of the wiggler 
(laser), 2k = k, + b, w = VBRk, = e h  are the frequencies of the wiggler and laser fields 
 with^ VBR the velocity of Bambini-Renieri frame respecting to Laboratory frame, 
Cl= e2/2mosoV is the coupling constant with eo the dielectric constant of free space, 
a:(a:) and a,(a,) are the creation and annihilation operators of the wiggler (laser), and 

are the creation and annihilation operators of the electron vertical cyclotron motion. 
The eigenvalue problems for the number operators are 

a:a,lnd= n,ln,) (3) 
d a h , ) =  n,ln,) (4) 

?+?-InT)= nTlnr) (5) 

a:a, + a:a,+ f+f- = constant fi 
$s+2fika:a,+ fik,f-+?- = constant fi. 

with n,, n, and nT = 0,1,2, .  . . . From (l), one can obtain three constants of motion 
$y - ~ j ? ~  + f i f +  f- =constant i (6) 

(7) 
(8) 

The above three formulae are the conservation laws of the angular momentum, quanta 
number, and linear momentum of the FEL system, respectively. If we define the 
combined operators 

A = a, e>'!- (9 )  

2 = 9- (10) 

H = me2+ fio+$fi&+ H, + Hb (11) 

then the Hamiltonian (1) converts into 

where 
-2 

H,=P=+fiwa:a,+ 
2m 
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The formula (11) fepreseps the Hamiltonian o,f threecoupled harmonic oscillators 
described by a,, A and E. The operators a,, A. and B have the following coherent 
states, respectively 

with the initial conditions a(o) = ao, pc0) = Po, = Bo. Equations 
(20)-(23) are obtained by inserting the coherent state II+(,,) ind the sub-Hamiltonian 
(13) into Schrodinger's equation 

= aw0 and 

(24) 

Also, one can consider the wiggler as a c-constant-number (that is aw(t) = constant awe), 
since it is intense compared with the radiation. Further, we define the classical amplitude 
&(,, and relative phase 0, for the radiation field, the classical momentum pz ( t ) ,  classical 
position qt1, classical cyclotron radius r,,), and classical cyclotron phase +yc) for the 
electron as follows 

a 
ih,II@(l,)=Hbll~(l)). ~ ~ 
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Then (20) and (21) give the classical equations for the electron motion [lo] 

The equations (28) and (29) can be solved in the small-signal regime, where each 
variable G = G+ 6 with the equilibrium solution in the absence of the radiation 
and 6 the perturbative solution in the first order of the radiation. One can obtain 

q,,= Vo(t-to) (30) 

B=a,o(o,Q)"2/ (w.-w- Voki) (31) 

where Vo is the equilibrium axial velocity of the electron and to is the initial time at 
which the electron enters the wiggler (Z = 0 plane). For the weak coupling case a + 0 
with Qawo = constant, the equation forthe axial bunching is obtained from (28) and (29) 

where Aw = 2 Vok is the detuming parameter and Yo = 8, - Amto is the initial phase. 
Under the initial conditions EcO,=O and (d/dt)E(,=O, the solution of (32) is 

-- 0~~(0~-0--Voki+Vok2) 
(')- mkV2 (U, - w - Vokl)(w, - w + V&) 

x[sin(Awt +Yo) -ho t  cos Yo - sin Yo]. 
The equations (20) and (21) also give the Colson-Maxwell equation [161 

(33) 

where(. . .} = (1/2a) {r dYo(. . .)means the average for different electrons. Substituting 
(30) and (33) into (34) gives the gain on the interaction time T 

where G T 0 = , ,  is the gain of a wiggler-pumped FEL [17], and 

describes the effects of the axial-guide magnetic field. For conventional FEL parameters, 
/ w  - o,l>> VoK, so we have 
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in the Laboratory frame, where yo is the relativistic factor, V., is the axial velocity of 
the electron beam, and K, is the wavenumber of the wiggler. Using the orbital [lo, 181 
and the 'electrostatic [19] stability conditions, one can obtain [20] 

(38) 2 213 -413= vS[l-Y;I P ,  71 

1) S I Y ~ P ~ I - " ' ~  = TrI (39) 

for group-I orbits [14-151 characterized by O J ~  < w and 

for group-I1 orbits 114-151 characterized by OJ,> OJ, where p, = eB,/my,cK,, and B, 
is the amplitude of the wiggler field. So the amplifying effects of the axial-field on the 
gain are limited. For pw = 0.05 and yo = 3.94, we have 17, = 51.9 and vrr = 8.7. In general, 
yo>> 1, then T~ f qll = y$3 >> 1. The FEL device must be operated in the group-I orbits 
in order to give the maximum amplifying effects of the axial guide field. 

3. The quantum state of the FEL system 

If the FEL system is in the coherent state lltJo) initially, the quantum state I@(*j) pf the 
~ F E L  system is not the coherent state IItJ(,)) at time t. However, we can obtain I@(,)) 
from IItJ(,,) through a unitary transformation 

l @ d =  ~(OIltJ(d (40) 

St)S(,) = 1 (41) 

i*(ds(,)/dt) = H.S(,)+[Hb, S(,)I (42) 

where the transformation operator S(,) satisfy 

with the initial condition Sco) = 1. The solution of (42) is 

(43) 

In general, is not a coherent state and the procedure to obtain the expression of 
is tedious. However, under theAclassical assumption 5: =2(jz)j?z - ( j jz )2,  one can 

obtain [Ha,, ,) ,  Hb(L2)] = O  and [S(,),ACA]=O, so I@(r)) is a coherent state.~This is just 
the result of [4]. 

In conclusion, once the classical trajectories of the FEL system are given, a coherent 
state /I@(,,) can be formulated through the formulae (25)-(27). The unitary operator 
Set, can be obtained by using the equation (43). Then the quantum state of the 
FEL system can be obtained from the formula (40). 

H = ( ~ ~ ) H ~ ( , ~ ) H ~ ( , , ) + H ~ ( ~ ~ ) [ H b ( , ~ ) ,  Hi(t,)l 
+ [ H b ( t l ) ,  H,(,)H=(,~)I+[Hb(,,), [Hb(ti). Ha(t,)ll 

+.... 
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