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Abstract. A procedure is given to obtain the quantum state of a free-electron laser with
an axjal-guide field from a coherent state. It is shown that the coherent state corresponds
to the classical trajectories. The smail-signal gain is obtained and the effects of the gnide
field on the gain are bounded in order {o keep the orbital and electrostatic stabilities.

1. Introduction

The possible use of relativistic charged particle in devices with a spatial periodic
electric or magnetic field for the generation of microwaves was first expressed by
Ginzburg [11. This idea was then developed by Motz [2] and Landeker [3] and the
stimulated Bremsstrahlung by a relativistic electron beam in a wiggler field is now
called free-electron lasing.

The free-electron laser (FEL) is capable of producing radiation from the ultraviolet
to the microwave region of the electromagnetic spectrum and the coherent state for a
wiggler-pumped rEL has been discussed in previous literature [4, 5]. Especially, in [4],
it was shown that the coherent state cofresponds to the classical trajectories. However,
an axjal-guide magnetic field is usually present in a FEL for beam confinement and
gain enhancement. In this case, the treatment must be three-dimensional. A large
number of works has been done on a wiggler-pumped reL with an axial field in ¢lassical
theories [6-11]. Also, in quantem theories, the equilibrinm solution of the Dirac
equation was given [12] and the photon statistics and squeezing properties were
discussed in the weak coupling limit [ 13] for this configuration. In this paper, extending
the method proposed in [4], we give a procedure to obtain the quantum state of a FEL
with a guide-field from its classical trajectories. First, we divide the FEL system into
two parts governed by the Hamiltonians H, and M, respectively. The coherent state
|y of the part H, corresponds to the classical trajectories of the FEL. Then the
small-signal gain of the FEL system is obtained in the classical limit. It is shown that
the guide-field effects are confined for both group —I and —If orbits [14, 15]. Finally,
the quantum state |®,)} of the FEL system is obtained through a transformation from
the coherent state [[¢r)).

The following analysis is developed in the Bambini-Renieri reference frame which
is obtained through a Lorentz transformation from Laboratory frame. In the Bambini-
Renieri frame, the wiggler and laser fields oscdlate with the same frequency and the
electron beam is non-relativistic.
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2. The coherent state [{1,» of the part H, and the FEL gain

The Bambini-Renieri Hamiltonian for a wiggler-pumped FEL with an axial-guide
magnetic field has the form [13]

Az
B = me*+ 3o+ o +-2}—’;:+ fo, T T

+hw(ata,+ala)+hQ[ata, e+ a.a) e 5]

- 1/2 ay T e +a, T, e :I

hle.0) [+a'§'f’. e 4 g T, eife? (W
where # is Planck constant, ¢ is the speed of light in vacuum, e(>>0) is the electron
charge, m is the electron mass, r=(x, y, ) is the electron position, p is the electron
momentum, V is the interaction volume, By is the amplitude of the axial-guide magnetic
feld, w, = eBy/ m is the cyclotron frequency, k,(k,) is the wavenumber of the wiggler
(laser), 2k =k, + k,, w = Vgrk, = ck, are the frequencies of the wiggler and laser fields
with- Vpr the velocity of Bambini-Renieri frame respecting to Laboratory frame,
Q= &°/2mws,V is the coupling constant with g, the dielectric constant of free space,
a;(a;)and a,(a,) are the creation and annihilation operators of the wiggler (1aser), and

o (Fet (mo/2)y)Fi(p, — (me./2)x) @)
= (2mhew,)'?

are the creation and annihilation operators of the electron vertical cyclotron motion.
The eigenvalue problems for the number operators are

@t |1} = |1, 3)
a; a|n)=nln.) (4)
T.1.lnz) = nrlnr) (%)
with n,, #, and #r=0,1,2,.... From (1), one can obtain three constants of motion
Xp, — yp. -+ #T, T_=constant £ (6)
ata,+ara+ T, T.=constant M N
p-+20ka a, + hk, T, T_ = constant N. (8)

The above three formulae are the conservation laws of the angular momentum, quanta
number, and linear momentum of the Fer system, respectively. If we define the
combined operators ‘

A=g, " (9)
B=T_ék* (10)
then the Hamiltonian (1) converts into
H = mc*+ b+, + H,+ H, (11)
where
Ha=i§+ ﬁmazaw+[ﬁw+m‘:(ﬁx>]ﬁ*ﬁ+[hw +ﬁ—kl(ﬁ,)]1§*§ , (12)
2Zm m m

hk “ By oA - Rk - AL A ~ a
Hy, = -—% (FATA+ [ﬁ(wc —w)-— (pz)} B*B+1ay,A+a,A")

— (w0 DY atB+a B+ AT B+ AB™]. (13)
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The formula (11) represents the Hamiltonian of three coupied harmonic oscillators
described by a,, A and B. The operators a,, A, and B have the following coherent
states, respectively

|aw(‘}) = e‘l@w(;)lzfz §0 anl) | w) (14)

"a(z)>= e--lzxm|2/2 z_oe—zm kz (r) |n ) (15)

ey =e P 5 ok B,—-,;“ ) )
with

aw|“w(:)> = aw(:)faw(u) ’ . (17)

Allagy) = apllam) ’ (18)

Bl B} =BwllBen- (19)

It is obvious that the Hamiltonian (11) does not preserve the coherent state (|} =

‘“tﬂua( g)l13<:))[ﬂwg:)) because of the quadratic nonlinearity term p2/2m =[N -
2BkATA~ ﬁk,B*'B] /2m. However, the Hamiltonian H, preserves the coherent state
|| gs¢y)- Starting from the initial coherent state ||} = '%||ag)]| B} @), a system governed
only by H, will be in |[¢,) at time ¢ where aqy, By, ®wn and 8, satisfy

de f3 21k(Pz> i

d;} “m Cw +i(w0)2By — il , (20)
dB _ | ik B :

g( ) [ (P >+1(w wc)]ﬁ(:)"‘l(w Q)+ etuin) (2

t m

daw I H 3 7 |
_HE(_}: —1Qa(,)+1(wcﬂ)”2ﬁ(:) (22)
de, id '

d(t = T2de el +18af* +awol] : )

with the initial conditions ey =aq, B =PBos Xwio)= &wo and Oy =08 Eqﬁatiuns
{20)-(23) ate abtained by inserting the coherent state |[4r,,) and the sub-Hamiltonian
(13) into Schrédinger’s equation

lﬁ‘(:_t ey = H [l - : (24)

" Also, one can consider the wiggler as a c-constant-number (that is a,,, = constant w,,),
since it is intense compared with the radiation. Further, we define the classical amplitude
d,,y and relative phase 8, for the radiation field, the classical momentum p.(¢), classical
position z(,,, classical cyclotron radius r,, and classical cyclotron phase ¢, for the
electron as follows

- dz,
pz<.,=<pz>=m—&§ﬂ : : (25)
e ei‘i’(xl = ‘B(I) e“‘(kAZ(aJ+°") (26)

&r(t) glfr= Oz g 4, - ; (27)
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Then (20} and (21) give the classical equations for the electron motion [10]

d
———3;": I:w ~ o, +k dm]ﬁ(,)—l-I(w Q)Y [t Gypy €250 (28)
&z, 2hke,ofw.0)
T R [Im ]
2Rk, o) .
+ ﬁkaar{t::‘"c ) {Im{ By e—1(2kz(r)+ar)]}
4 Wity
______ﬁkﬂi 021 Sin(2kagy+ 6,)- (29)

The equations (28) and (29) can be solved in the small-signal regime, where each

variable G = G+ G with G the ethbnum solution in the absence of the radiation
and G the perturbative solution in the first order of the radiation. One can obtain

Zy= Vo(t— 1) ] (30

B_ = awo(wcg)”z/(wc e Vﬂkl) (31)

where Vj is the equilibrium axial velocity of the electron and #, is the initial time at

which the electron enters the wiggler (Z=0 plane). For the weak coupling case -0

with Da,,, = constant, the equation for the axial bunching is obtained from (28) and (29)
PEy _ 4hkQanody [ 1 = @0~ 0 = Voly + Voky)

dtz m (wc —w— V{)kl) (mc —w+ Vﬂkl)

where Aw =2V,k is the deturning parameter and ¥ =6, ~ Awt, is the initial phase.
Under the initial conditions Z,=0 and (d/d?)Zp,=0, the solution of (32) is

] sin(Awt+ %) (32)

5 = hQ a0l [ __ole.—o— Voki + Voks) ]
0= mkVs (0, — & — Vok,Ywe —w + Vok)
* [sin(Awt 4 ¥,) — Awt cos ¥y —sin ¥y). (33)

The equations (20) and (21) also give the Colson-Maxwell equation [16]
' dearey _Qawo(w + Voky)
dr - (wc —w- V;)_l)

where (.. Y=(1/2%) fzw d¥ (. ..) means the average for different electrons. Substituting
{30} and {33) into (34) gives the gain on the interaction time T

(si1'1(2kz<,,+ 6,.)) (34)

dar )
Gripy = L Z (i)}= TG i B=0) (35)

where G (g,—o) is the gain of a wiggler-pumped rEL [17], and

. (w, = w— Vok;+ Voka) @,
=|1— - J ——— (36)
{we.—w — Vol o, — @ + Voloy) {0+ Vik)
describes the effects of the axial-guide magnetic field. For conventional FEL parameters,
lo — | » V4K, so we have

_ ___eB T ’
7}—-1/[1 m’YOV;:Okw} 37)
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in the Laboratory frame, where v, is the relativistic factor, V., is the axial velocity of
the electron beam, and K, is the wavenumber of the wiggler. Using the orbital [10, 18]
and the electrostatic [19] stability conditions, one can obtain [20] -

n=<[1-y"TB5 3=y, (38)
for group-I orbits [14-15] characterized by o, <w and L
=B, =1y ' (39)

for group-II orbits [14-15] characterized by w.> w, where B8, =eB, /my,cK,,, and B,
is the amplitude of the wiggler field. So the amplifying effects of the axial-field on the
gain are limited. For 8,, = 0.05 and y,=3.94, we have »; = 51.9 and #;; = 8.7. In general,
Yo 1, then 5,/ n = v&> » 1. The FEL device must be operated in the group-I orbits
in order to give the maximum amplifying effects of the axial guide field.

3. The quantum state of the FEL system

If the FEL system is in the coherent state |4} initially, the quantum state |®,;) of the
FEL system is not the coherent state ||} at time ¢ However, we can obtain [®,))
from {4,y through a unitary transformation

(@) = Seolldrea (40)

SinSw=1 (41)
where the transformation operator S, satisfy

ifi(dS,/dt) = H,S;y+[Hp, Sp] (42)

with the initial condition Sy = 1. The solution of (42} is

1 g '
S(:)—l‘l' J‘ de, a(£1)+( ﬁ)zj‘ dtlJ. dto{ Ha(eyHaiy F [ Hesyys Hacen 1t

dtJ'Idt'l.zdr-
(ﬁ)SI ' 1o 77

« {Hﬂ(fl)Hﬂ(?z)Hﬂ(fa) + H o) [ Hp 1, Hary) ] }
+UHs () HaiyHoqn] + [ oy, [ Ho ey Hatr) 11

... - ; (43)

In general, {®,,,) is not a coherent state and the procedure to obtain the expressmn of
| D¢y is tedious. However, under the ciasswal assumption p2 =2({p.)p, —{f.)°, one can
obtain [Hy,), Heyy] =0 and [S(,),A A] 0, so {®(,)) is a coherent state. This is just
the result of [4].

In conclusion, once the classical trajectories of the FEL system are given, a coherent
state ||, can be formulated through the formulae (25)-(27). The unitary operator
S, can be obtained by using the equation (43). Then the quantum state |} of the
FEL system can be obtained from the formula (40).
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